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Disclaimer

These slides are designed exclusively for students attending section 1,
2 and 3 for the course 640:244 in Fall 2013. The author is not
responsible for consequences of other usages.

These slides may suffer from errors. Please use them with your own
discretion since debugging is beyond the author’s ability.
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. . . . . .

General formulas

For the first order ODE

y ′(t) + p(t)y(t) = g(t)

Integration factor:

I (t) = exp

∫
p(t)dt.

General Solution:

y(t) =

∫
g(t)I (t)dt

I (t)
.

Why? You should verify that

(I (t)y(t))′ = I (t)y ′(t) + I (t)p(t)y(t) = I (t)g(t).

So integrating both sides, you will get I (t)y(t) =
∫
I (t)g(t)dt, which

implies our formula.
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. . . . . .

Graded Homework Problem: 2.1.20

Solve the initial value problem

ty ′ + (t + 1)y = t, y(ln 2) = 1.

Get the standard form:

y ′ +
t + 1

t
y = 1

Integrating factor:

I (t) = exp

(∫
t + 1

t
dt

)
= exp

(∫
(1 +

1

t
)dt

)
= exp(t + ln t) = tet .

Check the integrating factor:

(t + ln t)′ = 1 +
1

t
=

t + 1

t
,

so everything’s correct.
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. . . . . .

Graded Homework Problem: 2.1.20

Get the general solution:

y(t) =

∫
I (t)g(t)dt

I (t)
=

∫
tet · 1dt
tet

=
1

tet

(∫
tdet

)
=

1

tet

(
tet −

∫
etdt

)
=

1

tet
(
tet − et + C

)
= 1− 1

t
+

C

tet
.

Use initial value to determine C :

1 = 1− 1

ln 2
+

C

ln 2e ln 2
⇒ 1

ln 2
=

C

2 ln 2
⇒ C = 2.

So the solution to the IVP is

y(t) = 1− 1

t
+

2

tet
.

Check that you had a correct solution. Yes it is a mess, and there is a
way to make a quick check, but you should get some additional
knowledge to understand why it works.
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. . . . . .

Tricks in checking the solution

Instead of trying to check the solution to the IVP,

it is more convenient to
check the general solution

y(t) = 1− 1

t
+

C

tet

Let’s separate the y(t) into two parts. Let

u1(t) = 1− 1

t
, u0(t) =

1

tet

so y(t) = u1(t) + Cu0(t).And we have the following important facts:

u1(t) is a solution of the (inhomogeneous) ODE

y ′(t) +
t + 1

t
y(t) = 1.

u2(t) is a solution of the (homogeneous) ODE

y ′(t) +
t + 1

t
y(t) = 0.

Exercise Check the statements above.
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. . . . . .

Structure of the solutions for first order linear ODEs

Theorem In general, the following are true for the first order linear ODE

y ′(t) + p(t)y(t) = g(t),

y0(t) =
C
I (t) is general solution for the (homogeneous) ODE

y ′(t) + p(t)y(t) = 0,

where I (t) is the integrating factor.

If y1(t) is a (particular) solution for the (inhomogeneous) ODE

y ′(t) + p(t)y(t) = g(t),

then the general solution of this (inhomogeneous) ODE can be
expressed as

y(t) = y1(t) + Cy0(t).

Exercise Prove this theorem.
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. . . . . .

Structure of the solutions for first order linear ODEs

Some remarks:
...1 The proof is not hard at all,

since the statement gave you some
function and claim it as a solution, you can check it directly.

...2 The structure theorem of second order case is probably more
commonly seen in the 244 course.

...3 More generally, starting from the knowledge of the general solution of
a homogeneous linear ODE, there is a technique called “variation of
parameter” that can produce the general solution to inhomogeneous
linear ODE. You shall see this technique in Chapter 3. And I will also
show how that technique applies to first order linear ODEs.
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. . . . . .

Tricks in checking the solution

Coming back to our problems for checking solutions.

If you have obtained
such a general solution

y(t) = 1− 1

t
+

C

tet
,

and if you are pretty convinced that your integrating factor is correct, then
it suffices to check that 1− 1

t satisfies the differential equation.

To sum up the technique for general use. if you obtained the general
solution of some first linear ODE, in order to check it, you can DROP the
term with arbitrary constant C (or simpler, set C = 0), and check if THE
REST satisfies the equation. If it satisfies, then your general solution is
correct. In fact more generally, you can pick C to be any value at your
convenience and do the check.
Exercise Test this trick on all the homework problems in Section 2.1.
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. . . . . .

Quiz Problem 1

Solve the initial value problem{
ty ′ + (t − 1)y = −e−t ,

y(ln 2) = 1/2

Get the standard form:

y ′ +
t − 1

t
y = −e−t

t
.

Integrating Factor:

I (t) = exp

(∫
t − 1

t
dt

)
= exp

(∫
(1− 1

t
)dt

)
= exp (t − ln t) =

et

t
.

NOTE: PENALTY will be issued if you mess up with the logarithm.
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. . . . . .

Quiz Problem 1

Check the integrating factor:

(t − ln t)′ = 1− 1

t
=

t − 1

t
.

So we are good.

Get the general solution:

y(t) =

∫
I (t)g(t)dt

I (t)
=

∫
− et

t · e−t

t dt
et

t

=
−
∫

1
t2
dt

et

t

=
1
t + C

et

t

= e−t + Cte−t .

Check if your general solution is correct: we skip the term with C , or
set C = 0. What you have is simply e−t . By

t(e−t)′ + (t − 1)e−t = −te−t + te−t − e−t = −e−t ,

our general solution is correct.
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Quiz Problem 1

Use initial value to determine C :

1

2
= e− ln 2 + C ln 2e− ln 2 ⇒ 1

2
=

1

2
+ C

1

2
ln 2 ⇒ C = 0.

So the solution to the IVP is

y(t) = e−t .

Question for fun: what happens if the initial value is altered to y(0) = 1?
In fact you shall see that for ANY number C

y(t) = e−t + Cte−t

is a solution to this altered IVP. Geometrically, this means all the integral
curves of the ODE passes through (0, 1). When you proceed to Section
2.8, you should recall this example.
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. . . . . .

Summary: Standard Procedures

...1 Before you apply any formula, remember to transform the equation
into the standard form, i.e. the coefficient of y ′ shall be 1.

...2 Compute the integrating factor based on the data given by the
standard form.

...3 Get the general solution of the ODE.

...4 Use the initial value to decide the arbitrary constant.
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. . . . . .

Quiz Problem 2

Give the general solution of the ODE

xy ′ =
√

9− y2.

You should have seen a similar problem in your homework, except I
replaced 1 by 9. This will require you to know how to play substitutions.

Initial steps are the same:

dy√
9− y2

=
dx

x

⇒
∫

dy√
9− y2

= ln |x |+ C .
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. . . . . .

Quiz Problem 2

How to deal with the integral of 1/
√

9− y2?

Way 1: Standard substitution:∫
dy√
9− y2

=

∫
dy

3
√

1−
( y
3

)2 =

∫
d y

3√
1−

( y
3

)2 = arcsin
y

3
+ C

Way 2: Trig substition: let y = 3 sin u, then dy = 3 cos udu,∫
dy√
9− y2

=

∫
3 cos udu

3
√

1− sin2 u
=

∫
3 cos udu

3 cos u
= u + C

Since y = 3 sin u, u = arcsin y
3 . So the same result is recovered.
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Quiz Problem 2

Either way, you have ∫
dy√
9− y2

= arcsin
y

3
+ C .

So we have
arcsin

y

3
= ln |x |+ C .

If you want to simplify further more, you will get

y(x) = 3 sin(ln |x |+ C ).
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. . . . . .

Graded Homework Problem: 2.2.7.

Solve the differential equation

dy

dx
=

x − e−x

y + ey
.

This is easy as pie: separate the variables

(y + ey )dy = (x − e−x)dx .

Integrate, you’ll get

1

2
y2 + ey =

1

2
x2 + e−x + C

You cannot expect to further simplify this. This will be the answer.
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. . . . . .

Modeling Problem 2.3.6

I don’t want to draw any ugly pictures, just let me record my words on
blackboard.

For Part (a), using the conservation of energy, one has

mgh =
1

2
mv2

which gives v =
√
2gh.

For Part (b), take a small period of time ∆t and assume that within this
small time period, the height of liquid in the tank is changed by ∆h.

The volume of the flowing out liquid within ∆t is αav∆t.

The volume change brought by the height change ∆h is A(h)∆h.
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. . . . . .

Modeling Problem 2.3.6

Since these two guys shall be equal,

one has

A(h)∆h = −αav∆t

(notice that ∆h < 0).

Letting ∆t → 0, and replace ∆h/∆t by dh/dt, one has the model

dh

dt
= −αav = −αa

√
2gh.

And then Part (b) is done.

For Part (c), the sentences mathematically read
A(h) = π, α = 0.6, a = 0.01π, h(0) = 3.
And as a common sense, g = 9.8.
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. . . . . .

Modeling Problem 2.3.6

So we have the initial value problemπ
dh

dt
= −0.6× 0.01π ×

√
2× 9.8h

h(0) = 3

And you are asked to determine the T such that h(T ) = 0.
Simplifying and separating the variables, one has

dh√
h
= −0.006×

√
19.6dt.

Integration gives
2
√
h = −0.006×

√
19.6t + C ,

which can be simplified as
√
h = −0.003×

√
19.6t + C .
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Modeling Problem 2.3.6

As for our problem, we don’t have to know that h(t) is.

In fact, taking the
square is complexifying, not simplyfing. We just keep the what we have:

√
h = −0.003×

√
19.6t + C .

The initial condition gives
C =

√
3,

therefore √
h = −0.003×

√
19.6t +

√
3.

Use your calculator to obtain the T .
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. . . . . .

Modeling Problem 2.3.8

The sentence

“a young man with no intial captial invests k dollars per year
at an annual return rate r” contains too much information:

the term “no initial capital” mathematically reads

S(0) = 0

the term “invests k dollar per year at an annual return rate r” reads

dS

dt
= k + rS .

So this sentence actually defines an initial value problem:
dS

dt
= k + rS

S(0) = 0

Solving this initial value problem, one gets

S(t) =
k

r
(ert − 1),

which answers Part (a).
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Modeling Problem 2.3.8

Both Part (b) and Part (c) needs

S(40) = 1, 000, 000, where

Part (b) fixes r = 7.5% and asks what k should be;

Part (c) fixes k = 2000 and asks what r should be.

Use your calculator to obtain a result.
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The End
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